OFFPRINT

Boltzmann-Gibbs entropy is sufficient but not
necessary for the likelihood factorization
required by Einstein
Constantino Tsallis and Hans J. Haubold
EPL, 110 (2015) 30005

Please visit the website
www.epljournal.org
Note that the author(s) has the following rights:
– immediately after publication, to use all or part of the article without revision or modiﬁcation, including the EPLAformatted version, for personal compilations and use only;
– no sooner than 12 months from the date of ﬁrst publication, to include the accepted manuscript (all or part), but
not the EPLA-formatted version, on institute repositories or third-party websites provided a link to the online EPL
abstract or EPL homepage is included.
For complete copyright details see: https://authors.epletters.net/documents/copyright.pdf.

A LETTERS JOURNAL EXPLORING
THE FRONTIERS OF PHYSICS

AN INVITATION TO
SUBMIT YOUR WORK
www.epljournal.org

The Editorial Board invites you to submit your letters to EPL
EPL is a leading international journal publishing original, innovative Letters in all
areas of physics, ranging from condensed matter topics and interdisciplinary
research to astrophysics, geophysics, plasma and fusion sciences, including those
with application potential.
The high profile of the journal combined with the excellent scientific quality of the
articles ensures that EPL is an essential resource for its worldwide audience.
EPL offers authors global visibility and a great opportunity to share their work
with others across the whole of the physics community.

Run by active scientists, for scientists
EPL is reviewed by scientists for scientists, to serve and support the international
scientific community. The Editorial Board is a team of active research scientists with
an expert understanding of the needs of both authors and researchers.
www.epl journal.org

ISSN 0295-5075

www.epl journal.org

ISSN 0295-5075

www.epl journal.org

ISSN 0295-5075

A L ETTERS J OURNAL E XPLORING
THE F RONTIERS OF P HYSICS

A L ETTERS J OURNAL E XPLORING
THE F RONTIERS OF P HYSICS

A L ETTERS J OURNAL E XPLORING
THE F RONTIERS OF P HYSICS

Volume 105 Number 1
January 2014

Volume 104 Number 1
October 2013

Volume 103 Number 1
July 2013

www.epljournal.org

A LETTERS JOURNAL EXPLORING
THE FRONTIERS OF PHYSICS

OVER

560,000

www.epljournal.org

Six good reasons to publish with EPL
We want to work with you to gain recognition for your research through worldwide
visibility and high citations. As an EPL author, you will benefit from:

full text downloads in 2013

1

Quality – The 50+ Co-editors, who are experts in their field, oversee the
entire peer-review process, from selection of the referees to making all
final acceptance decisions.

average accept to online
publication in 2013

2

Convenience – Easy to access compilations of recent articles in specific
narrow fields available on the website.

10,755

3

Speed of processing – We aim to provide you with a quick and efficient
service; the median time from submission to online publication is under
100 days.

4

High visibility – Strong promotion and visibility through material available
at over 300 events annually, distributed via e-mail, and targeted mailshot
newsletters.

5

International reach – Over 2600 institutions have access to EPL,
enabling your work to be read by your peers in 90 countries.

6

Open access – Articles are offered open access for a one-off author
payment; green open access on all others with a 12-month embargo.

24 DAYS

citations in 2013

“We greatly appreciate
the efficient, professional
and rapid processing of
our paper by your team.”
Cong Lin
Shanghai University

Details on preparing, submitting and tracking the progress of your manuscript
from submission to acceptance are available on the EPL submission website
www.epletters.net.
If you would like further information about our author service or EPL in general,
please visit www.epljournal.org or e-mail us at info@epljournal.org.
EPL is published in partnership with:

European Physical Society

Società Italiana di Fisica

www.epljournal.org

EDP Sciences

IOP Publishing

May 2015
EPL, 110 (2015) 30005
doi: 10.1209/0295-5075/110/30005

www.epljournal.org

Boltzmann-Gibbs entropy is sufficient but not necessary
for the likelihood factorization required by Einstein
Constantino Tsallis1,2 and Hans J. Haubold3
1

Centro Brasileiro de Pesquisas Fisicas and National Institute of Science and Technology for Complex Systems
Rua Xavier Sigaud 150, 22290-180 Rio de Janeiro-RJ, Brazil
2
Santa Fe Institute - 1399 Hyde Park Road, Santa Fe, NM 87501, USA
3
Office for Outer Space Affairs, United Nations - P.O. Box 500, A-1400 Vienna, Austria
received 6 January 2015; accepted in final form 30 April 2015
published online 21 May 2015
PACS
PACS
PACS

05.20.-y – Classical statistical mechanics
05.45.-a – Nonlinear dynamics and chaos
65.40.gd – Entropy

Abstract – In 1910 Einstein published a work on a crucial aspect of his understanding of the
Boltzmann entropy. He essentially argued that the likelihood function of any system composed by
two probabilistically independent subsystems ought to be factorizable into the likelihood functions
of each of the subsystems. Consistently he was satisfied by the fact that the Boltzmann (additive)
entropy fulfills this epistemologically fundamental requirement. We show here that entropies (e.g.,
the q-entropy on which nonextensive statistical mechanics is based) which generalize the BG one
through violation of its well-known additivity can also fulfill the same requirement. This important
fact sheds light on the very foundations of the connection between the micro- and macro-scopic
worlds, and consistently supports that the classical thermodynamical Legendre structure is more
powerful than the role to it reserved by the Boltzmann-Gibbs statistical mechanics.
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Einstein presented in 1910 [1] an interesting argument of
The celebrated Boltzmann principle reads
why he liked Boltzmann’s connection between the classical
(2)
SBG = k ln W,
thermodynamic entropy introduced by Clausius and the
probabilities of microscopic configurations. This argument where W denotes the total amount of microscopic posis based on the factorization of the likelihood function of
sibilities assumed equally probable, and k is a convenindependent systems (A and B), namely
tional constant; we shall from now on use BG, standing for
Boltzmann-Gibbs, instead of just B. From eq. (2) we obW(A + B) = W(A)W(B).
(1) tain, through Einstein’s well-known reversal of the Boltzmann formula, the likelihood function
This is a very powerful epistemological reason since it
W ∝ eSBG /k ,
(3)
reﬂects the basic procedure of all sciences, namely that, in
order to study any given natural, artificial and social sys- with
W

W
tem, theoretical approaches typically start by focusing on


1
pi = 1 ,
(4)
SBG = k
pi ln
a certain set of relevant degrees of freedom of the Universe,
pi
i=1
i=1
and, only at a more evolved stage of the theory, possible
connections with other degrees of freedom are introduced where, for simplicity, we have used the case of discrete
as well, whenever necessary. In the present paper, we shall variables (instead of the continuous ones, that were of
refer to eq. (1), as Einstein likelihood principle (see [2,3] course used in the early times of statistical mechanics);
notice that W plays in eqs. (2) and (4) the role of the total
for related aspects).
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number of admissible microscopic configurations, whereas,
through the Einstein reversal, W plays in eqs. (1) and (3)
the role of a likelihood function (for example, if we throw
100 coins, what is the probability W of obtaining 52 heads
and 48 tails?). The entropy SBG is additive according to
Penrose’s definition [4]. Indeed, if A and B are probabilistically independent systems (i.e., if pA+B
= p + i A pB
j ), we
ij
straightforwardly verify that
SBG (A + B) = SBG (A) + SBG (B),

(5)

hence, by replacing this equality into eq. (3), eq. (1) is
satisfied.
Before proceeding, let us stress a point which not rarely
generates confusion. By definition [4], an entropic functional is said additive if, for any independent systems A
and B, the total entropy equals the sum of the entropies
of the parts. In other words, it is a property of the
functional and by no means depends on the system (or
subsystems) to which it may be applied. This is in neat
contrast with entropic extensivity which depends on both
the functional and the system to which it is being applied.
This is why establishing whether a given entropic functional is additive or not is a mathematically trivial task.
Not so for establishing whether a given entropic functional is thermodynamically extensive for a given system:
this can be, and frequently is, mathematically extremely
demanding.
Let us go on now and show a crucial issue, namely
that entropic additivity (that of SBG , as we have
just shown,
 as qwell as that of the Renyi entropy
SqR = k(ln W
i=1 pi )/(1 − q), as can be straightforwardly
verified) is sufficient but not necessary for the Einstein
principle (1) to be satisfied. Let us consider the following
generalised functional [5], basis of nonextensive statistical
mechanics [5–8]:
Sq = k

1−



W

i=1

pqi

q−1
q ∈ R;

W

i=1

=k

W

i=1

pi lnq

W ∝ eSq q /k ,

(9)

where ezq is the inverse function of lnq z (hence, ezq ≡ [1 +
(1 − q)z]1/(1−q) ; ez1 = ez ). If we take into account eq. (7),
x⊕ y
and use eq q = exq eyq (with x ⊕q y ≡ x + y + (1 − q)xy, and
lnq (xy) = (lnq x) ⊕q (lnq y)), once again we easily verify
Einstein’s principle (1), but now for arbitrary values of the
index q! As anticipated, this exhibits a most important
fact, namely that entropic additivity is not necessary for
satisfying Einstein’s 1910 crucial requirement within the
foundations of statistical mechanics.
In fact, this property is amazingly general. Indeed,
let us consider a generalised
trace-form entropic func
1
p
ln
tional SG ({pi }) ≡ k W
i
G
i=1
pi , where lnG z is some
well-behaved generalization of the standard logarithmic
function. Let us further assume that, for probabilistically independent systems A and B, SG satisfies, at least
for the simple equal-probabilities case, SG (A + B)/k =
Φ(SG (A)/k, SG (B)/k) ≡ [SG (A)/k] ⊕G [SG (B)/k], where
Φ denotes some generic function, and ⊕G generalises the
standard sum. For equal probabilities (i.e., pi = 1/W ),
SG takes a specific form, namely SG (W ) = k lnG W . We
shall name ezG the inverse function of lnG z. Then, following Einstein’s reversal, the likelihood function is given by
S /k

W ∝ eGG ,

(10)

x⊕G y
and, once again, by using eG
= exG eyG , the Einstein
principle (1) is satisfied, ∀G. Clearly, the additive SBG
and the nonadditive Sq are particular illustrations of this
property. Another example which follows this path is the
equal-probability case of another, recently introduced (to
address black holes [9–16] and the so-called area law [17]),
nonadditive entropy, namely (see footnote on p. 69 in [7],
(6) and [9]; see also [18]),

1
pi

pi = 1; S1 = SBG

hence eq. (3) is generalised into



Sδ = kB

,

W


 1 δ
pi ln
pi
i=1

(δ > 0; S1 = SBG ).

(11)

1−q

with lnq z ≡ z 1−q−1 (z > 0; ln1 z = ln z). If A and B are For equal probabilities we have
=
two probabilistically independent systems (i.e., pA+B
ij
Sδ = k lnδ W,
B
pA
p
,
∀(i,
j)),
definition
(6)
implies
i j
Sq (A + B)
Sq (A) Sq (B)
=
+
k
k
k
Sq (A) Sq (B)
.
+ (1 − q)
k
k

(12)

hence, for δ > 0,

(7)

Sδ (A + B)
=
k



Sδ (A)
k

1/δ

Sδ (B)
+
k

1/δ

δ

Consequently, according to the definition of entropic adSδ (A)
Sδ (B)
≡
⊕δ
.
(13)
ditivity in [4], Sq is additive if q = 1, and nonadditive
k
k
otherwise.
Let us note at this point a crucial issue, namely that
If probabilities are all equal, we straightforwardly obtain
entropies SBG , Sq and Sδ are thermodynamically approfrom (6)
(8) priate for systems constituted by N elements, such that
Sq = k lnq W,
30005-p2
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Fig. 1: The index q has been determined [19] from first principles, namely from the universality class of the Hamiltonian.
The values c = 1/2 and c = 1 respectively correspond to the
Ising and XY ferromagnetic chains in the presence of a transverse field at T = 0 criticality. For other models see [20,21]. In
the c → ∞ limit we recover the Boltzmann-Gibbs (BG) value,
i.e., q = 1. For an arbitrary value of c, the subsystem nonadditive entropy
√ Sq is thermodynamically extensive for, and
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Data from Wong & Wilk PRD 87, 114007 (2013)
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q
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. Let us emphasize that this anomalous
only for, q =
c
value of q occurs only at precisely the second-order quantum
critical point; anywhere else the usual short-range–interaction
BG behavior (i.e. q = 1) is valid.

Fig. 2: Experimental distributions of the transverse moments
in hadronic jets at the CMS, ALICE and ATLAS detectors at
LHC. The data are from [22]. They can be remarkably well
fitted (along fourteen decades) with the q-exponential function
exq ≡ [1+(1−q)x]1/(1−q) , which, under appropriate constraints,
extremises the entropy Sq . See details in [23].

the total number of admissible microscopic configurations
are, in the N → ∞ limit, given, respectively, by CµN (C >
γ
0; µ > 1), DN ρ (D > 0; ρ > 0) and φ(N )ν N (ν >
1; 0 < γ < 1) (φ(N ) being any function satisfying
φ(N )
= 0; strictly speaking, C and D could
limN →∞ ln N
γ
also be suﬃciently slowly varying functions of N ). Notice
γ
that CµN ≫ φ(N )ν N ≫ DN ρ , which implies that the
Lebesgue measure of the phase-space occupancy typically
vanishes for the cases where nonadditive entropies are to
be used, whereas it is nonzero in the standard BG case. In
all cases, for special values of q (namely q = 1 − 1/ρ) or δ
(namely δ = 1/γ), the thermodynamical requirement that
S(N ) ∝ N is satisfied! It is possible to unify the entire
W
discussion by defining [9] Sq,δ = kB i=1 pi (lnq p1i )δ (q ∈
R; δ > 0). Indeed, S1,1 = SBG , Sq,1 = Sq , and S1,δ = Sδ .
It is important to keep in mind that indices such as
q and δ are to be to obtained from first principles, i.e.,
from mechanics (classical, quantum, relativistic). This is
already shown by the fact that, in the two above illustrations, q (or δ) is obtained directly from ρ (or γ). This
means that, if we are dealing, say, with Hamiltonian systems, q and δ are in principle determined directly from the
Hamiltonian, more precisely from the universality class of
the Hamiltonian. One paradigmatic nontrivial illustration
is analytically available in the literature [19]. It concerns
the entropy of a thermodynamically large subsystem of a
strongly quantum entangled one-dimensional many-body
system which belongs to the universality class characterized by the central charge c. Indeed, at quantum criticality
√
2
(i.e., at T = 0 of the entire system), we have q = 9+cc −3 :
see fig. 1. It is clear that, in contrast with this example,

the analytical determination of q appears to be mathematically intractable for most systems. This is the only reason
why we frequently find in the literature papers where the
indices q are determined through fitting procedures. In
some examples, the fitting can nevertheless be amazingly
precise: see [22,23] and fig. 2, where up to 14 decades (in
the probability axis) are satisfactorily covered.
Complexity frequently emerges in natural, artificial and
social systems. It may be caused by various geometricaldynamical ingredients, which include nonergodicity,
long-term memory, multifractality, and other spatialtemporal long-range correlations between the elements
of the system, which ultimately drastically restrict the
total number of microscopically admissible possibilities.
During the last two decades, many such phenomena have
been successfully approached in the frame of nonadditive
entropies and nonextensive statistical mechanics. Predictions, verifications and various applications have been
performed in high-energy physics [24–29], spin-glasses [30],
cold atoms in optical lattices [31], trapped ions [32], slow
dynamics in proteins and polymer chains [33], anomalous
diﬀusion of overdamped interacting vortices in typeII superconductors [34–38], dusty plasmas [39], solar
physics [40–42], long-range interactions [43,44], relativistic and nonrelativistic nonlinear quantum mechanics [45],
among many others (see [46]). All these examples
explicitly or tacitly reﬂect the fact that fundamental laws
in Nature are dynamical at their basis (see, for instance,
the stochastic processes described in [47–51]).
All of the above is totally consistent with the fact that,
for all those systems for which the correlations between

9+c2 −3
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the microscopic degrees of freedom are generically weak,
the thermodynamically admissible entropy is precisely the
additive one, SBG , as well known. If, however, strong
correlations are generically present (e.g., of the type assumed in the q-generalization of the Central Limit and
Lévy-Gnedenko Theorems [52,53]), we need to implement
nonadditive entropies [54–56] and their associated statistical mechanics.
Summarizing, in order to satisfy the classical thermodynamical Legendre structure, the thermostatistics of a
wide class of systems whose elements are strongly correlated (for instance, for overdamped systems, or through
long-range interactions and/or through strong quantum
entanglement, like possibly in quantum gravitational
dense systems) are to be based on nonadditive entropies
such as Sq,δ (see footnote 1 ), and not only on the usual
Boltzmann-Gibbs-von Neumann one. Nevertheless, and
this is the main point of the present note, Einstein’s
likelihood principle (1) is generically satisfied for a wide
class of entropies (which includes Sq and others) and not
only for the BG one. This fact consistently reinforces that
the classical thermodynamical Legendre structure is more
powerful than the role to it reserved by Boltzmann-Gibbs
statistical mechanics. Beautiful illustrations of q = 1
systems which are analytically shown to satisfy the
H-theorem, the zeroth, first and second principles of
thermodynamics, as well as the celebrated eﬃciency of the
Carnot cycle, are available in the literature [37,60–63].
Moreover, nonadditive entropies typically produce
anomalous scalings (with size) of the thermodynamical
variables (see [9] and references therein). Of course, the
usual thermodynamical scalings are recovered for systems
such as the ergodic ones, and generically those that are
consistent with the BG entropic functional [64].
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