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Abstract – A system of N mobile negatively charged particles moving in a neutral and dissipative
medium, under a confining electric field produced by a spherical-capacitor apparatus, is studied.
The equations of motion are approximated to the continuous limit leading to a nonlinear FokkerPlanck equation; these analytical results are supported by molecular-dynamics simulations. The
definitively non-Yukawa equilibrium position distribution, which emerges from first principles,
is expressed in terms of a q-exponential function. The present work opens the door to new
experiments in a system with long-range repulsive interactions, indicated herein as a potential
candidate for nonextensive statistical mechanics.
c EPLA, 2019
Copyright 

The elegant connection between statistical mechanics and
thermodynamics represents a significant scientific achievement towards an appropriate theoretical description of a
system of interacting particles [1,2]. Such a link of the microscopic and macroscopic worlds usually occurs through
the entropy concept, so that its knowledge becomes a crucial step in this pathway. Additionally, the association
of the entropy with dynamics represents a remarkable result of nonequilibrium statistical mechanics and it appears
through the following procedures: i) the statistical entropy may be extremized under appropriate constraints,
yielding an equilibrium probability that coincides with the
stationary-state distribution of a time-evolution equation
for the probabilities (e.g., a Fokker-Planck equation [3]);
ii) an H-theorem, which may be proven by considering the
statistical entropy and an equation for the time evolution
of the probabilities [1–3].
Depending on the type of interactions and/or correlations among constituents, the outstanding framework of
Boltzmann-Gibbs (BG) equilibrium statistical mechanics
may not apply; particularly the classification of all thermodynamic quantities in two classes, namely, intensive and
extensive, may break down [1]. For N -particle systems
characterized by long-range interactions, some fundamental quantities, e.g., internal energy and temperature, may

not remain extensive and intensive, respectively, presenting a nonlinear dependence with N . In order to fulfill the
thermodynamical Legendre structure, in these anomalous
cases one ends up with nonextensive quantities (e.g., the
thermodynamic potentials), extensive ones (e.g., number
of particles and entropy), as well as an additional category
(e.g., the scaled temperature), which represents quantities
that do not remain intensive. Lately, many systems in nature, specially those within the realm of complex systems,
have presented such anomalous behavior, leading to the
development of the area of nonextensive statistical mechanics [4]. This framework is based on the proposal of a
generalized entropic form Sq , which depends on a parameter q (q ∈ ℜ), such that the BG entropy is recovered in
the limit q → 1. Connections among entropies and dynamics were extended for generalized entropic forms by
many authors (see, e.g., refs. [5–11]), mostly by making
use of nonlinear Fokker-Planck equations (NLFPEs).
Recently, systems characterized by the entropy Sq (with
q = 1) have exhibited a consistent thermodynamic framework; as an example, one could mention works on the equilibrium state of interacting vortices, usually considered as
a model for type-II superconductors [12–17]. An eﬀectivetemperature θ was introduced, shown to be proportional
to the density of vortices, a quantity that may be varied
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Moreover, Fpp
i results from the Coulomb particle-particle
interactions,
 q2
0
(2)
=
Fpp
i
2 r̂ij ,
rij
j=i

Fig. 1: The system investigated consists of N negative charges
−q0 (q0 > 0), inside a spherical region, between two concentrical conducting shells of radius r1 and r2 (r2 > r1 ). This
region is filled with a neutral fluid that produces friction, so
that the particles move under overdamped motion. The shells
are charged (total charges ±Q), leading to a spherically sym pointing outwards.
metric electric field E

experimentally [18]. In this approach, the temperature θ
appeared as the parameter thermodynamically conjugated
to the entropy S2 [12].
Systems of charges are known as exceptional in what
concerns BG statistical mechanics, being characterized by
properties that may depend on the shape of the sample;
in this sense, the thermodynamic limit becomes troublesome [1]. Several examples where Coulomb interactions
are present have shown inconsistencies with the standard
statistical-mechanics theory (see, e.g., refs. [19–31]). In
the present work we illustrate some of these diﬃculties by
considering a physical system (illustrated in fig. 1) formed
by N similar colloidal particles, each presenting an electric charge −q0 (q0 > 0), and placed inside a sphericalcapacitor apparatus, built by two concentrical spherical
conducting shells of radius r1 and r2 (r2 > r1 ). The inner shell presents a total charge +Q, whereas the outer
one has charge −Q, producing a spherically symmetric
electric field E = (Q/r2 )r̂ (r1 ≤ r ≤ r2 ) (we adopt Gaussian units [32]). We also assume that the region between
the two shells is filled with a neutral ﬂuid, so that these
charged spheres (with typical diameters of the order of
100 nm) move under friction (friction coeﬃcient µ), and
that inertial eﬀects can be neglected, i.e., an overdamped
motion. In this way, the equation of motion of a particle
i is given by [33–35]
(E)

µvi = Fpp
i + Fi

(i = 1, 2, . . . , N ),

(1)

where vi represents its velocity, µvi stands for the
friction contribution, and the forces on the righthand side are both radially symmetric, with F(E) =
(−q0 Q/r2 )r̂ being due to the electric field E on particle i.

and as usual, rij = |ri −rj | stands for the distance between
particles i and j, whereas r̂ij = (ri − rj )/rij is a vector
defined along the axis of each pair of particles.
Therefore, if one considers all charges near the inner
shell at an initial time, the particle-particle repulsive forces
push them outwards, whereas the electric field E acts on
the opposite direction; for suﬃciently long times one expects to attain an electrostatic equilibrium. One of the
aims of this work is the derivation of a mesoscopic equation
for the time evolution of the density of particles ρ(r, t), at
time t and position r. Based on the conservation of the total number of particles, ρ(r, t) should follow the continuity
equation,
∂ρ(r, t)
+ ∇ · J = 0,
(3)
∂t
with J = ρv representing the current density. Hence, one
may write the force Fpp on a particle located at r as
pp

F

=



d3 r′ ρ(r + r′ , t)

q02 ′
r̂ ,
r′ 2

(4)

where we have replaced rij → r′ . Under physical conditions where the density varies smoothly around the point
r, one may expand ρ(r + r′ , t) ≈ ρ(r, t) + r′ · ∇ρ(r′ , t)|r′ =r .
Substituting this expansion in eq. (4) one gets that the
integral over ρ(r, t) vanishes, due to symmetry; moreover, since Fpp and ∇ρ(r, t) are antiparallel, one obtains
Fpp ≈ −a∇ρ(r, t), with
a=



d3 r′

q02
= 4πq02
r′



0

r2 −r1

dr′ r′ = 2πq02 (r2 − r1 )2 . (5)

Due to the long-range character of the interactions, the
integral above diverges in the limit r2 → ∞, in contrast
with previous short-range-interaction approaches [33–35].
The quantity a must be finite, since it will appear in the
diﬀusion coeﬃcient of a NLFPE, to be shown next.
Then, one may substitute these results into eq. (3) and
use eq. (1) to get



dφ(r)
∂ρ(r, t)
r̂ ,
(6)
= ∇ · ρ(r, t) a∇ρ(r, t) +
µ
∂t
dr
where we introduced an eﬀective potential energy φ(r) (associated with the electric field E and screening eﬀects), to
be discussed next. Since the radial direction is the relevant
one, we restrict to the variable r,


1 ∂
dφ(r)
∂ρ(r, t)
2
= 2
µ
r ρ(r, t)
∂t
r ∂r
dr


a ∂
∂ρ(r, t)
2
+ 2
r ρ(r, t)
.
(7)
r ∂r
∂r
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It should be mentioned that although the physical
system illustrated in fig. 1 is diﬀerent from an electrolyte,
where various charged ions with opposite signs are present,
herein screening eﬀects also play an important role [36].
In an electrolyte, considering the particle-particle interactions within a mean-field approximation (known as DebyeHückel theory), the electrostatic potential of a charge at a
distance r from the origin gets modified by an exponential
factor exp(−βr), with a screening length β −1 . This effect, due to other charges, appears also in nuclear physics
and the corresponding electrostatic potential is known as
Yukawa potential [32], which is expressed herein in the
following form:
φ1 (r) =

B0
exp[−β(r − r1 )]
r

(r1 ≤ r ≤ r2 ),

(8)

where B0 is a constant and the notation φ1 (r) will become
clear below. In the present problem, the actual form of the
eﬀective potential energy φ(r) that appears in eq. (7) is
not straightforward to calculate analytically, and it will be
determined through fittings of the numerical data; indeed,
we will verify that the Yukawa form above applies only
close to the inner radius r1 .
The stationary-state solution of eq. (7) is obtained by
setting its right-hand side equal to zero; in fact, this state
corresponds to an electrostatic equilibrium, in which all
forces on each particle cancel, and the corresponding density of particles will be called ρeq (r). Hence, considering
the electrostatic equilibrium in eq. (7),

Fig. 2: Equilibrium density ρeq (r) is plotted vs. r in a log-linear
representation, for typical values of the relevant parameters.
The symbols (black circles) are results from simulations,
whereas the full red line represents the fitting proposal
of eq. (11). An illustrative Yukawa potential (cf. eq. (8)) is
represented by the dashed blue line. Lengths and charges are
represented in units of a characteristic length l(r1 , r2 ) and a
typical charge q̃, respectively (see text).

for certain choices of the parameters this requirement is
not necessarily fulfilled. Indeed, for systems of charges
one may find equilibrium configurations composed by separated aggregates of particles [37]; these cases may lead to
discontinuities in ρeq (r).
In fig. 2 we present numerical results for ρeq (r), toφ(r)
+ C1 .
(9) gether with two fitting proposals for φ(r) (substituted
ρeq (r) = −
a
in eq. (10)), namely, the Yukawa form of eq. (8) (dashed
For simplicity we set ρeq (r2 ) = 0, which will aﬀect only blue line), and the modified one (full red line),
the additive constant in the resulting ρeq (r); the validity of
this condition is supported by the numerical simulations,
B0
expq [−β(r − r1 )]
φq (r) =
where [ρeq (r2 )/ρeq (r1 )] < 10−6 will be found, for typically,
r
r2 − r1 ∼ 103 . Therefore,
B0
1/(1−q)
[1 − (1 − q)β(r − r1 )]+
=
,
(11)
r
ρeq (r1 )
ρeq (r) =
[φ(r) − φ(r2 )].
(10)
φ(r1 ) − φ(r2 )
1/(1−q)
where expq (x) = [1 + (1 − q)x]+
, with [y]+ = y, for
We carried molecular-dynamics simulations by integrat- y > 0, zero otherwise, so that limq→1 φq (r) = φ1 (r) [4].
ing eqs. (1) for given parameters of the system shown Clearly, the first proposal appears to be good only for
in fig. 1. All simulations started with N charged parti- small values of r, whereas the second one fits well the
cles around the inner shell, so that their repulsive forces whole set of data. It should be mentioned that the form
push them away from the inner shell. After a suﬃciently in eq. (11) has been considered previously, for systems
long time, one approaches the electrostatic equilibrium, on characterized by Coulomb interactions, more precisely, in
which we constructed histograms to obtain ρeq (r). In this plasmas and colloidal suspensions [22–31]. In the present
numerical procedure we considered a time step δt = 10−3 , case, the modification of the electrostatic potential energy
so that each unit of (physical) time corresponds to 103 in- of a charged particle at a distance r is attributed to screentegrations of eqs. (1); a typical time used for approaching ing eﬀects caused by other charges, at distances r′ < r,
the equilibrium state was teq = 1000, i.e., 106 integrations which diminish gradually the intensity of the electric field
of the equations of motion. Due to the long-range char- acting on this charge. In this way, the potential energy
acter of the interactions, one must have an appropriate φ(r) presents its maximum (unscreened) value at r = r1 ,
balance between the value of Q and the choices of N and decreasing for increasing values of r, with the screening
q0 , for fixed values of r1 and r2 . One should remind that to eﬀects leading to eq. (11).
The parameter β (cf. eqs. (8) and (11)) presents dibe consistent with the approximations used, the equilibrium density ρeq (r) should be continuous; we verified that mensions (length)−1 ; assuming that it depends only on
10005-p3
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(a)

(b)

Fig. 3: Equilibrium densities ρeq (r) are plotted vs. r in log-linear representations, by varying some relevant parameters of
the system (with r1 fixed), but keeping the diﬀusion coeﬃcient of eq. (20) typically unchanged, i.e., N q02 r22 = const (the
numerical data above correspond to N q02 r22 = 4.0 × 107 ). (a) Plots for r2 fixed and several choices for N and q0 . (b) Plots
for q0 fixed and several choices for N and r2 ; the vertical dashed lines indicate the values of r2 considered. The symbols are
results from molecular-dynamics simulations, whereas the full lines represent the fitting proposal of eq. (11). In both cases,
illustrative Yukawa potentials (cf. eq. (8)) are represented by dashed blue lines. Lengths and charges are represented in units
of a characteristic length l(r1 , r2 ) and a typical charge q̃, respectively (see text).

the two radii, one may introduce a length scale l(r1 , r2 ) ≡
b[β(r1 , r2 )]−1 , where b stands for a dimensionless proportionality constant. The knowledge of a precise form for
l(r1 , r2 ) requires further extensive simulations, being out
of the scope of the present investigation; however, based
on the present numerical analysis, we propose a limiting
behavior of [β(r1 , r2 )] for r2 ≫ r1 . Moreover, to compare analytical and numerical results, we also introduce a
unit of charge q̃; therefore, lengths and charges are herein
expressed in units of l(r1 , r2 ) and q̃, respectively1 .
As mentioned above, by varying significantly one of the
parameters (N, Q, q0 , r1 , r2 ) separately, one could get unbalanced configurations. Nevertheless, there are particular combinations of these parameters that may be fixed
to yield invariant density profiles. This aspect is illustrated in fig. 3, where we present numerical data obtained
by changing significantly the relevant parameters (with
respect to those of fig. 2), but keeping N q02 r22 = const;
as will be shown next, this product appears in the diﬀusion coeﬃcient of the NLFPE. In fig. 3(a) we show results
for r2 = 103 and several choices of N and q0 , whereas
in fig. 3(b) we take q0 = 0.10, with N and r2 varying; in
all cases the equilibrium density ρeq (r) remains unchanged
(within the error bars), expressed in terms of the proposal
of eq. (11) with q = 1.35 ± 0.01 and β = 0.24 ± 0.01.
We verified that these results are robust under slight variations (up to 10%, typically) of one of the parameters
(N, Q, q0 , r1 , r2 ). As will be seen later on, the product
N q02 r22 appears in an eﬀective-temperature definition, for
r2 ≫ r1 ; hence, all plots shown in fig. 3 correspond to the
same eﬀective temperature.
1 In an experimental apparatus one could expect l ≈ 0.1 cm and
q̃ ≈ 103 e = 4.8 × 10−7 esu.

Fig. 4: Equilibrium density ρeq (r) is plotted vs. r in log-linear
representation, for a value of the inner radius diﬀerent from the
one used in figs. 2 and 3. As discussed in the text, the value of
q0 has to be varied accordingly. The symbols are results from
molecular-dynamics simulations, whereas the full line represents the fitting proposal of eq. (11). An illustrative Yukawa
potential (cf. eq. (8)) is represented by the dashed blue line.
Lengths and charges are represented in units of a characteristic
length l(r1 , r2 ) and a typical charge q̃, respectively (see text).

In fig. 4 we present ρeq (r) for q0 = 0.20 and an inner radius r1 = 6, keeping other parameters fixed with respect to
those used in fig. 2. One should notice that by increasing
the inner radius, the average distance between particles
will increase at the initial configuration, so that the contribution due to the electric field E will prevail over the
repulsive particle-particle interactions; as a consequence,
the dynamics becomes quite trivial, with most particles
remaining near the inner shell. For this reason, the value
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r
the condition 4π r12 dr r2 ρ(r, t) = N yields the normalization constraint,

4π r2
dr r2 P (r, t) = 1.
(12)
l 3 r1
Therefore, the following NLFPE results:


1 ∂
dφ(r)
∂P (r, t)
= 2
µ
r2 P (r, t)
∂t
r ∂r
dr


∂P (r, t)
2D ∂
r2 P (r, t)
,
+ 2
r ∂r
∂r

Fig. 5: Equilibrium density ρeq (r) is plotted vs. r in log-linear
representation, by varying the values of Q and q0 , but keeping
the ratio Q/q0 = const (the numerical data above correspond
to Q/q0 = 5.0 × 103 ). The symbols are results from moleculardynamics simulations, whereas the full line represents the fitting proposal of eq. (11). An illustrative Yukawa potential
(cf. eq. (8)) is represented by the dashed blue line. Lengths
and charges are represented in units of a characteristic length
l(r1 , r2 ) and a typical charge q̃, respectively (see text).

of q0 needs to be increased as well, in such a way to approach an equilibrium state with a continuous equilibrium
density ρeq (r), as shown in fig. 4. In this case, the fitting
proposal of eq. (11) applies, with the same value of q used
in figs. 2 and 3, within the error bars (q = 1.35 ± 0.01).
However, the value of β varied significantly, estimated as
β = 0.16 ± 0.01, showing its direct dependence on the
choice of the inner radius r1 . In fact, the results of figs. 2–
4 indicate that [β(r1 , r2 )]−1 ≈ r1 , for r2 ≫ r1 , suggesting
that r1 is approximately the typical length scale of the
system. Furthermore, these plots show that, contrary to
β, the value of q is not sensitive to variations in r1 ; this
appears to be a natural result, since one expects q to aﬀect
significantly the form of the distribution, and particularly,
its behavior for large values of r.
At the equilibrium state all forces on each particle
cancel, i.e., the repulsive particle-particle contribution
of eq. (2) (proportional to q02 ) equals the one due to the
electric field (proportional to q0 Q); as a consequence, the
relation Q/q0 = const is expected to hold. In order to
show the consistency of our simulations with such an equilibrium state, in fig. 5 we present numerical results by
varying the values of Q and q0 , but keeping the ratio
Q/q0 = const (other parameters are kept fixed to those
values of fig. 2). One verifies a reasonable collapse of all
data, so that the fitting proposal of eq. (11) applies with
the same values of q and β considered in figs. 2 and 3,
within the error bars. Hence, all curves presented in fig. 5
correspond to the same electrostatic equilibrium condition.
By means of the characteristic length l(r1 , r2 ), we define
a dimensionless probability P (r, t) ≡ l3 ρ(r, t)/N , so that

(13)

where we have introduced 2D = N a/l3 . The above
equation may still be written in the form of a continuity
equation,
µ

∂P (r, t)
1 ∂[r2 J(r, t)]
=− 2
,
∂t
r
∂r

(14)

with the boundary conditions,
J(r, t)|r=r1 = J(r, t)|r=r2 = 0

(∀t),

(15)

that ensure the conservation of the total number of particles (and consequently, of the probability P (r, t)) in the
region r1 < r < r2 , for all times.
Next, we will use the NLFPE of eq. (13) to prove an
H-theorem; for this, we consider the general entropic
form [10,11]


4πk r2
k
3
dr r2 g[P (r, t)],
S[P (r, t)] = 3 d rg[P ] = 3
l
l
r1
g(0) = g(1) = 0,

d2 g[P ]
≤ 0,
dP 2

(16)

where k is a positive constant with entropy dimensions
and g[P ] should be at least twice diﬀerentiable. The
present H-theorem concerns a well-defined sign for the
time derivative of the free-energy functional [10,11]

4π r2
dr r2 φ(r)P (r, t), (17)
F = U − θS,
U= 3
l r1
where θ represents a positive parameter with dimensions
of temperature. Hence, considering the time derivative of
the functional above, and using eq. (14), one obtains
4π
∂F
=− 3
∂t
µl



r2

dr φ(r) − kθ

r1

dg[P ]
dP

∂[r2 J(r, t)]
∂r

(18)

so that integrating by parts and using the boundary conditions in eq. (15), one gets that
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∂F
4π
=− 3
∂t
µl



r2
r1

dr r2 P

−

∂P
dφ(r)
− 2D
dr
∂r

d2 g ∂P
dφ(r)
+ kθ 2
× −
.
dr
dP ∂r

(19)
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Following previous works on physical applications of Now, multiplying the above equation by N/l3 , one gets
NLFPEs [12–17], we define an eﬀective temperature θ,
Nγ
ρeq (r) = 3 −φ(r) + C̃1 ,
(26)
2
2
πN q0 (r2 − r1 )
2l
D ≡ kθ =
,
(20)
l3
which coincides with eq. (9) (apart from an additive conwhere we have used D = N a/2l3, together with eq. (5). stant), by choosing the Lagrange multiplier γ = 2l3 /(N a),
Herein, we remind that the radius r2 should be kept fi- corresponding to γ = 1/D = (kθ)−1 . Therefore, we have
nite, in order to fulfill the requirement of a finite diﬀusion shown that the entropic form that satisfies the H-theorem
coeﬃcient and consequently, a finite eﬀective temperature may be extremized to yield an equilibrium distribution
θ. As mentioned before, the numerical results shown in that coincides with the stationary-state solution of the
fig. 3, which keep D = const, reinforce further the coarse- corresponding NLFPE.
graining procedure that led to the NLFPE of eq. (13).
To summarize, we have studied a system of charged parNow, imposing in eq. (19)
ticles inside a spherically symmetric medium. The equations of motion were approximated to the continuous limit
d2 g[P ]
leading to a nonlinear Fokker-Planck equation, where the
=
−2,
(21)
dP 2
diﬀusion coeﬃcient is well defined only for a finite system. The analytical results are supported by molecularone ends up with the H-theorem expressed in the form
dynamics numerical simulations. We have shown that

2
the resulting nonlinear Fokker-Planck equation is associ4π r2
∂P
∂F
dφ(r)
=− 3
− 2D
≤ 0. (22) ated with an entropic functional of Tsallis type, Sq with
dr r2 P −
∂t
µl r1
dr
∂r
q = 2, corroborating recent investigations carried for sysNotice that the numerical results shown in fig. 3 (for which tems of particles interacting repulsively through shortr2 ≫ r1 , keeping D essentially unchanged) reinforce the range forces, for which the coarse-graining method could
approximations that led to the NLFPE of eq. (13). In be applied, in principle, for an infinite volume [34,35].
what concerns the eﬀective-temperature defined above, Interestingly, the equilibrium distribution is expressed in
it is important to stress that: i) a finite radius r2 be- terms of a q-deformed Yukawa potential, in the context of
comes a necessary condition; ii) the relation θ ≈ N q02 r22 /l3 nonextensive statistical mechanics, where a q-exponential
shows that θ may be interpreted in terms of a linear den- (q ≈ 1.35) appears. Although this latter index is not obsity of particles. This result is similar to the eﬀective- viously connected to the entropic index q = 2, we can
temperature concept introduced recently for a system of not exclude the possibility of a relation between them.
interacting vortices, used as a model for type-II super- The present proposal opens the possibility of experimental
conductors [12–17]; experimentally, one expects that this verifications for a physical system characterized by longrange particle-particle interactions, described by nonexquantity may be varied continuously [18].
A direct consequence of eq. (21), imposed to satisfy tensive statistical mechanics.
the H-theorem, is the corresponding associated entropic
∗∗∗
form [10,11]; integrating eq. (21) twice, and using the con2
ditions g(0) = g(1) = 0, one obtains g[P ] = P − P .
Therefore, the entropy of eq. (16) becomes
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